We consider two models of two-units repairable systems: cold standby system and warm standby system. We suppose that the lifetimes and repair times of the units are all independent exponentially distributed random variables. Using stochastic orders we compare the lifetimes of systems under different assumptions on the parameters of exponential distributions.
Introduction
Stochastic comparisons of systems without reparation have been widely studied. There is a vast literature on this subject; e.g., (Zhao et al., 2012) , (Zhao et al., 2013) and (Wang, 2017) study the case of exponentially distributed lifetimes of components, whereas (Brito et al., 2011) , (Valdés and Zequeira, 2003) , (Valdés and Zequeira, 2006) , Hazra and Nanda (2017) , Chen et al. (2017) and (Chowdhury and Kundu, 2017) deal with the case of non-exponential lifetimes. However, it seems that stochastic comparison of repairable systems has been less studied.
In this paper we consider two-units repairable systems (see, for example, (Gnedenko and Ushakov, 1995) ). We study two cases: when the spare unit can fail (warm standby system) and when it cannot fail (cold standby system). A detailed exploration of these systems can be found in (Nakagawa, 2002) , which includes a summary on the earliest researches about these models, some of them dealing with extensions of their results to real life systems. In general, to find an analytic expression for the probability distribution of the lifetime of a repairable system could be impossible in the non Markovian case. Even in the Markovian case, when the system has more than two units, the density function of its lifetime could have a complex expression, and it could also be difficult to establish a stochastic ordering between the lifetimes of two systems.
The absence in the literature of any research dealing with the lifetimes of Markovian repairable systems using stochastic orders, motives our study in this direction.
We will compare the lifetimes of two-units warm (cold) standby systems using several stochastic orders. We will assume all the random variables representing the lifetimes and repair times of the units being exponentially distributed. The survival function of a random variable with distribution function F will be denoted by F = 1 − F. The terms increasing and decreasing will be used in the non-strict sense.
Let us consider a random variable X i , and F i , f i and r i its survival, probability density and hazard rate functions, respectively, for i = 1, 2. The following definitions of stochastic orders will be used. X 1 is said to be smaller than X 2 in the, 1. Usual stochastic order (denoted as X 1 ≤ st X 2 ), if F 1 (t) ≤ F 2 (t), for all nonnegative t, 2. Hazard rate order (denoted as X 1 ≤ hr X 2 ), if r 1 (t) ≥ r 2 (t), for all nonnegative t,
Likelihood ratio order (denoted as
The relation between these stochastic orders is well known (the likelihood ratio order implies the hazard rate order, which implies the usual stochastic order). More details can be found in (Moshe Shaked, 2007) .
Suppose that one wants to compare the lifetimes of two two-units standby systems (system 1 and system 2, respectively). Intuitively, if the lifetimes of units of system 1 have smaller hazard rates than the ones of system 2, and the repair times of sistem 1 have greater hazard rates than the ones of system 2, then the lifetime of system 1 should intuitively be "greater" than the lifetime of system 2. It remains to see in what sense "greater" can be understood.
In Proposition 3 we will prove that if two two-units warm standby systems have stochastically equal lifetimes for their units and the hazard rates of the repair times of system 1 are greater than the ones of system 2, then the lifetime of system 1 is greater than the lifetime of system 2 in the hazard rate sense, but not in the likelihood ratio sense. In Proposition 6 we will obtain an analogous result for two-units cold standby systems. So, even under intuitive conditions it is not clear in what sense the lifetime of one system is greater than the lifetime of the other one. Example 1 shows that a likelihood ratio ordering can be obtained when the lifetimes of the principal units of the system with stochastically greatest lifetime has greater hazard rates than the respective lifetimes of the system with stochastically smallest lifetime. This example suggests we can obtain stochastic orderings even under non intuitively hypothesis. It becomes more interesting to find necessary and sufficient conditions that establish stochastic orderings between two-units standby systems. In Propositions 1 and 6 we obtain necessary and sufficient conditions for a likelihood ratio ordering to hold between the lifetimes of two warm (cold) standby systems, respectively.
The rest of this paper is organized as follows. Section 2 describes the models corresponding to the systems that we have studied. In Section 3 we discuss the principal results that we have obtained, related to stochastic orders and ageing classes.
The models
We consider two models of systems, a cold standby system and a warm standby system. In both models the systems are composed by two units and two possible positions for them, principal and secondary positions. When a unit is in the principal (secondary) position we will refer to it as the principal (spare or standby) unit. There is also a repair unit which cannot fail. Some basic assumptions for both models are:
• when the principal unit fails, it is immediately sent to the repairing unit and the spare unit, if not under reparation, will take its place, i.e., it will become the principal unit;
• when the spare unit fails, it is immediately sent to the repairing unit and the principal unit continues working;
• if the system has not failed, a unit immediately assumes the secondary position after being repaired;
• the lifetimes and repair times of units are independent exponential random variables;
• the distribution of the repair times is the same for both units;
• reparations of units are perfect, that is, when the reparation of a unit is completed, the system is restored back to a state where it is equivalent to a new system;
• the system failure occurs when the principal unit fails and the spare unit is under reparation.
In a cold standby system the standby unit cannot fail and it is understood as a cold spare. In a warm standby system the standby unit is understood as a warm spare.
Results

Warm standby system
Let τ W be the lifetime of a warm standby system with expected lifetimes 1/λ 1 for the principal unit and 1/λ 2 for the secondary unit, and with expected repair time 1/µ. Let Φ W (t) be the survival function of τ W . Then (see, e.g. (Gnedenko and Ushakov, 1995) ),
where a = (λ 2 + µ) 2 + 4λ 1 µ.
Let φ W (t) and r W (t) be the probability density function and the hazard rate function of τ W , respec-
We say that two functions h 1 (x) and h 2 (x) are equal in sign, and it is denoted by h 1 (x) = sg h 2 (x), if there is a strictly positive function h(x), such that, h 1 (x) = h(x)h 2 (x). First, we are going to prove the following lemma, which will be used later. 
Using properties of the hyperbolic functions, we obtain
Let τ W i be the lifetime of a warm standby system with expected lifetimes 1/λ i1 for the principal unit and 1/λ i2 for the secondary unit, and with expected repair time 1/µ i , for i = 1, 2, respectively. Let φ W i (t) denote the probability density function of τ W i , for i = 1, 2. Our goal is to establish stochastic orders on the lifetimes of these systems using relations between the parameters of their distributions. Let us define
, and the function (x) + = max{x, 0}.
Proof 2. Let us consider the ratio between the probability density functions of τ W 1 and τ W 2 .
Using (2) we obtain
t sinh(
, where K is a positive constant.
Deriving, it can be checked that h(t) is increasing (decreasing) if and only if
sinh a 1 2 t sinh a 2 2 t ≤ (≥) a 1 a 2 = lim t→0 sinh a 1 2 t sinh a 2 2 t ,
and using Lemma 1 we obtain that h(t) is monotone. Then, a necessary and sufficient condition for h(t) to be positive is that the following inequalities hold
The following proposition shows another sufficient (not necessary) condition for τ W 1 ≥ lr τ W 2 to hold.
Proof 3. Let us define φ i = 2λ i1 + λ i2 + µ i , for i = 1, 2. Due to Proposition 1, as (4) holds, it is sufficient to check the inequality φ 2 − φ 1 ≥ a 2 − a 1 . Since
we obtain
≥ 0.
The second equality comes from (6), the first inequality is true due to a i ≥ µ i + λ i2 , for i = 1, 2, and the second one is obtained using λ 11 ≤ λ 21 and µ 1 ≥ µ 2 . Thus φ 2 − φ 1 ≥ a 2 − a 1 holds and consequently
We will refer to the warm standby system with lifetime τ W i as the system i, for i = 1, 2. As the conditions on Proposition 2 are linear inequalities, using them we can conclude some intuitive results, wich are not so easy to infer from Proposition 1. For example, it is not difficult to prove that τ W 1 ≥ lr τ W 2 holds when the hazard rate of the lifetimes of the units of system 1 are smaller than the hazard rate of the ones of system 2, and the repair times are stochastically equal for both systems, i.e. λ 11 ≤ λ 21 , λ 12 ≤ λ 22 and µ 1 = µ 2 . Suppose that we have two units with exponential lifetimes of rates λ 1 and λ 2 , respectively, and we want to decide which one to put in the principal position. 
It is easy to see that
Our interest is to find values of µ such that r 2 − 2r 1 ≥ a 2 (µ) − a 1 (µ) and then τ W 1 ≥ lr τ W 2 . From (8) and (9) , it is sufficient to prove that a 2 (µ) − a 1 (µ) is increasing in a neighborhood of infinity for r 2 − 2r 1 ≥ a 2 (µ) − a 1 (µ) to hold in the same neighborhood. To prove this note that
where the last inequality is true due to r 2 > 2r 1 .
Consider a sufficiently small δ > 0 and a sufficiently large M > 0, such that if µ > M it holds
This last inequality, using (10), is equivalent to
Then, for µ > M the function a 2 (µ) − a 1 (µ) is increasing and consequently τ W 1 ≥ τ W 2 . Figure 1 shows a graph of a 2 (µ) − a 1 (µ) with λ 11 = 1.5, λ 22 = 3, λ 12 = λ 21 = 1. As we analyzed before, a 2 (µ) − a 1 (µ) ≤ r 2 − 2r 1 is satisfied for µ sufficiently large and consequently τ W 1 ≥ lr τ W 2 . 
So, the likelihood ratio
is not increasing in [0, ∞), and as a consequence τ W 1 lr τ W 2 . Figure 2 shows the graphs of the hazard rates and the likelihood ratio of two warm standby systems with λ 11 = λ 21 = 2, λ 12 = λ 22 = 1, µ 1 = 3 and µ 2 = 4. It can be seen that r W 
Cold standby system
Let τ C be the lifetime of a cold standby system with expected lifetime 1/λ for the principal unit and with expected repair time 1/µ. Let Φ C (t), φ C (t) and r C (t) be the survival function, the probability density function and the hazard rate functions of τ C , respectively. Taking λ 2 = 0 in (1), (2) and (3) we obtain 
From Proposition 4 a necessary condition to obtain
2 , if we suppose λ 1 ≥ λ 2 , then necessarily µ 1 ≤ µ 2 . As we will see in Proposition 7, τ C 1 ≤ hr τ C 2 holds, and consequently τ
Note that this result and the one which we have obtained for the warm standby system are not similar. Example 1 shows that λ 11 ≤ λ 21 is not a necessary condition for τ W 1 ≥ lr τ W 2 to hold.
Proof 5. The proof is similar to that of Proposition 2 taking λ 12 = λ 22 = 0 and noting that (7) is not negative when µ 1 ≥ µ 2 . The inequality λ 1 ≤ λ 2 ( λ 11 ≤ λ 21 in the proof of Proposition 2) is not necessary due to λ 12 = λ 22 = 0.
Analogously to Example 1, we will show that the inequality µ 1 ≥ µ 2 is not necessary to obtain
Example 2. Let us suppose that µ 1 ≤ µ 2 and λ 1 ≤ λ 2 . Then b 1 ≤ b 2 and, using Proposition 4, we only
So, b 2 − b 1 ≤ λ 2 + µ 2 − µ 1 and it is sufficient to check that
Let us consider two cold standby systems with λ 1 = µ 1 = 1, λ 2 = 5 and µ 2 = 2. For these values (11) holds and τ Figure 3 shows that φ We will refer to the cold standby system with lifetime τ C i as the system i. In particular, when the units of the system 1 has stochastically greater lifetimes than the units of the system 2 (λ 1 ≤ λ 2 ) and they have stochastically equal repair times (µ 1 = µ 2 ), we obtain τ C 1 ≥ lr τ C 2 . When λ 1 = λ 2 we can obtain an ordering between both systems in the sense of the hazard rate as a consequence of Proposition 3. Besides, the same ordering in the likelihood ratio sense does not hold under the assumptions of Proposition 6. The following result is related to hazard rate order.
Proof 6. We must prove 2λ 2 1 b 1 coth(
, which is equivalent to λ 2 1 b 2 coth
So, it is sufficient to check λ 2 1 b 2 coth
, or equivalently 
Then, it is sufficient to prove the inequality λ 2 1 b 2 ≤ λ 2 2 b 1 . Now, taking squares in both sides of the last inequality it is obtained
From λ 1 ≤ λ 2 this last inequality holds, since
. As a consequence we obtain τ C 1 ≥ hr τ C 2 when the system 1 has stochastically greater lifetimes of its units and stochastically smaller repair times of its units than the system 2, i.e., λ 1 ≤ λ 2 and µ 1 ≥ µ 2 .
is not necessary for the relation τ C 1 ≥ hr τ C 2 to hold when λ 1 ≤ λ 2 . We show this in an example.
. From the previous proof, for τ C 1 ≥ hr τ C 2 to hold, it is sufficient to check inequalities (12) and (13) which are equivalent to 4/λ 1 − 8/λ 2 ≥ 3 and 1/λ 1 − 1/λ 2 ≥ 1/2, respectively. Since λ i is positive, for i = 1, 2, it is sufficient to check that 4/λ 1 − 8/λ 2 ≥ 3. Thus τ C 1 ≥ hr τ C 2 when λ 1 ≤ λ 2 and 4/λ 1 − 8/λ 2 ≥ 3. Now we will find order relations between warm and cold standby systems when at the initial instant there is a unit under repair and the other unit is working as principal. 
r C * (t) be the survival, the probability density and the hazard rate functions of τ W * τ C * , respectively.
The following expressions for these functions can be derived,
where a = (λ 2 + µ) 2 + 4λ 1 µ and b = µ 2 + 4λ µ.
be the lifetime of a warm standby system when at the initial instant there is a unit under repair and the other is working as principal, with expected lifetimes 1/λ i1 for the principal unit and 1/λ i2 for the spare unit, and with expected repair time 1/µ i , for i = 1, 2, respectively. In a similar way to Propositions 1 and 7 we establish a hazard rate ordering between τ W * 1 and τ W * 2 , and also between τ C * 1 and τ C * 2 .
Proposition 8. If λ 11 ≤ λ 21 , µ 1 ≥ µ 2 and To prove the last inequality it is sufficient to check the following ones
After some transformations we obtain that (16) is equivalent to (14) . Besides, (17) can be written as
Using Lemma 1 we can see that h(t) is monotone, so (17) is equivalent to
Due to µ 1 ≥ µ 2 we only need to prove the inequality a 1 µ 2 ≤ a 2 µ 1 . It is sufficient to check
But these inequalities follow from λ 11 ≤ λ 21 and (14).
From (15), taking t = 0, it is easy to see that λ 11 ≤ λ 21 is a necessary condition for τ 
Finally, to compare the lifetimes of a cold standby system and a warm standby system we enunciate the following result, which arises as a corollary of Proposition 2 when λ 12 = 0.
Proposition 9. For all λ 1 , λ 2 and µ, the relation τ C ≥ lr τ W holds.
Ageing classes
Let X be a positive random variable and t ≥ 0 a real number. The residual lifetime of X, denoted by X t , is defined as X t = (X − t|X > t). A random variable X with probability density function f (x)
is said to belong to the ageing class Increasing Likelihood Ratio (ILR) if f (x + t)/ f (x) decreases in x ≥ 0, for all t ≥ 0. This condition is equivalent to X s ≥ lr X t for 0 ≤ s ≤ t ((Nakagawa, 2002, Chapter
2)). It is well know that this ageing class is contained in other important ageing classes as Increasing
Failure Rate (IFR) and New Better than Used (NBU). For more details about these other classes see (Barlow and Proschan, 1981) .
A random variable X with probability density function f (x) is said to belong to the ageing class Decreasing Likelihood Ratio (DLR) if f (x + t)/ f (x) increases in x ≥ 0, for all t ≥ 0. Also, if X ∈ DLR then X belongs to Decreasing Failure Rate (DFR) and New Worst than Used (NWU) ageing classes. 
